Exercise 16D: Solutions

"~

1 The matrix that will reflect the plane in the y-axis is given by
-1 0
0 1]
The matrix that will dilate the result by a factor of 3 from the z-axis is given by
1 0
0 3]
Therefore, the matrix of the composition transformation is
[1 0] [—1 1}} B [—1 0]
0 3J]Lo 1] [0 3]
2 The matrix that will rotate the plane by 90° anticlockwise is given by

cos90° — sin90° . 0 -1
sin90° c0s90° | |1 0 |’

The matrix that will reflect the result in the z-axis is given by
b 4
0 —-1]°
Therefore, the matrix of the composition transformation is
1 0][0 -1] [0 -1
0 —1f{1 o] [-1 0]
3 a The matrix that will reflect the plane in the z-axis is given by
1 0
0 —1]°
The matrix that will reflect the plane in the y-axis is given by
-1 0
0 1]
Therefore, the matrix of the composition transformation is
-1 0]f1 0] _ [-1 o©
0 1Jl0 1] [0 -—1]°
b The matrix that will rotate the plane by 180° clockwise is given by

[c05180° —siJJISUT _ [—1 0 ]
sin180° cos180° | |0 —1]’

which is the same as the matrix found above.

4 a T;:The matrix that will reflect the plane in the z-axis is given by

!

Ty : The matrix that will dilate the result by a factor of 2 from the y-axis is given by

o3l

Therefore, the matrix of T} followed by T3 will be

[3 ?] [é _UJ - [3 _01] .



The matrix of Ty followed by T will be

[1 0][2 0}_[2 [)]
0 —-1/lo 1] |o -1]°
No. The order of transformation does not matter in this instance, since the two matrices are the same.

T, : The matrix that will rotate the plane by 90° clockwise is given by
cos(—90°) —sin(-90°)] [0 1
sin(—90°) cos(—90°) | |-1 O]’

T» : The matrix that will reflect the plane in the line y = x is given by
ol
1 0]
Therefore, the matrix of Ty followed by T will be
[0 1][0 1}_[—1 0]
1 oJl-1 0] Lo 1]
The matrix of Ty followed by T; will be

| i Py |

Yes. The order of transformation does matter in this instance, as the two matrices are different (the first gives

the reflection in the y-axis, the second a reflection in the z-axis).

[ —x -3
:_y]+[5]
[z -3
Ly+s ]
Therefore, the transformation is (z,y) — (—z — 3,y + 5).
M (RN
y' L0 1 Yy 5
(-1 0] [z—-3
“lo 1} [y+ 5}
___—m+3]

L y+5
Therefore, the transformation is (z,y) — (—z + 3,y + 5).

Yes. The order of transformation does matter in this instance, as the rule for each composition is different.

This is a reflection in the z-axis followed by a dilation from the y-axis by a factor of 2 (or visa versa):
[2 0][1 0}_[2 0]
0 1J{o —1] o —1]°
This is a reflection in the z-axis followed by a dilation from the z-axis by a factor of 3 (or visa versa):
(1 0] [1 0}_[1 0]
o 3/|lo —1] |0 —3]°
This is a reflection in the line y = x followed by a dilation from the x-axis by a factor of 2:

1 0770 1]_[0 1]
o 2][1 o] |2 of




Alternatively, it is a dilation from the y-axis by a factor of 2 followed by a reflection in the line y = :

0 1][2 0]_[0 1]
1 0o/|lo 1] |2 o

d Thisis a reflection in the line y = —zx followed by a dilation from the y-axis by a factor of 2:
(2 0] O —1}_[0 —2]
0 1/[-1 o] |-1 o]
Alternatively, it is a dilation from the z-axis by a factor of 2 followed by a reflection in the liney = —=z:

[0 —1}[1 0}_[0 —2}
-1 oJlo 2] [-1 o]
8 a Therequired matrix is
[0 1][1 U}_[U —1]
1 oJlo —-1] [1 o]
b The above matrix corresponds to a rotation by angle # = 90° since

cos90° —sin90° [0 -1
sin90° cos90° | |1 o0 |

9 We require that:
cosfl —sinf] [0 1 0 1] [cosf —sind
[sinﬂ cosﬁ‘][l 0]:{1 0] L.inﬂ (:036']
—sinf —cosf] [sind cosf
[ ]_Losﬂ —sinﬂ]
For these two matrices to be equal, we required that

cos @ sin @

—sinf =sinf
2s8inf =10
sinf =0
f = 180°k, where k € Z.

10a  Matrix A2 will rotate the plane by angle 26.

42— [cosﬁ‘ —sinﬁ'} [cosﬂ —sinﬂ]
| sin@ cos# sinf cos#
B [coszﬂ—sinzﬂ —25'1[190035'}

2sinfcosh cos? @ —sin’ @

¢ Since A? will rotate the plane by angle 26, another expression for A2 is
A2 [00529 —smﬂﬂ]

- sin2f cos28

Equating the two expressions for A2 gives
cos2f —sin2f cos?f —sin?@ —2sinfcosh

[sinzﬂ 00323]_[ ]

Therefore,

c0s 20 — cos? @ — sin® @

sin 20 = 2sin fcos#.

=1 o] [+ ]

2sinfcosf cos?d —sin’ @



_|y+1
N )

!
. . . = 1
Therefore, the rule can be written in the form (z,y) — (v + 1,z + 2) or in the form TEYT

Yy =z +2.
b We have,

] -]
-1 o173
[ o (G1-[2])

This shows the the transformation can be expressed as a reflection in the line y = x followed by a translation

in the direction of vector [21)] .

12, [ cos(60) — si_u(ﬁl])]
| sin(60)  cos(60)
- J3
|2 T2
=| /3 )
L2 2
b [cos(—45") —sin(—45°)
| sin(—45°)  cos(—457) ]
- 17
| vz 2
1 1
L V2 V2
SN A
| 2 2
V2 ov2
L 2 2 ]
¢ AG60° rotation followed by a —45° rotation will give a 15° rotation. Therefore, the required matrix is.
[ 1 V3T v2 V2
2 2 || 2 2
V31 V2 V2
L2 2 1Ll 2 2
(VIry6 V2o VB
_ 4 4
VB—v2 V6442
B 4 2

The rotation matrix of 15° is also given by the expression

[cos(lﬁj —sin(lﬁ]] ‘

sin(15)  cos(15)

d Comparing the entries of these two matrices gives

o V2+4/6

coslh = ——,
4

6 —+/2

3m15°:q]

13 The matrix that will reflect the plane inthe liney = ztan¢is



[cos 2¢ sin2¢ ]
sin2¢ —cos2¢ |

The matrix that will reflect the plane in the line y = ztan@is

cos2f sin28
sin20 —cos20 |

Therefore, the matrix of the composition transformation is
[cos26  sin 20 cos2¢  sin2¢

| sin 20 —00329} [sin?cj} — cos 2435}
[ cos 20 cos 2¢p + sin 20sin 2¢p  cos 20 sin 2¢p — sin 260 cos 2¢

- | sin 260 cos 2¢p — cos 20sin 2¢p  cos 26 cos 2¢ + sin 20 sin 2¢r]

[ cos 20 cos2¢) + sin 20sin2¢ —(cos 20sin 2¢ — cos 20 sin 2¢)

| cos 20sin2¢ — cos 20s5in2¢  cos 260 cos 2¢ + sin 26 sin 2¢ ]
[cos(26 — 2¢) —sin(20 — 2¢)

~ [ sin(20 — 2¢)  cos(20 — 2¢). ]

This is a rotation matrix corresponding to angle 26 — 2¢.




